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Differential Equations

Solutions of First Order Differential Equations

1. Differential Equations DE’s

A differential equation is an equation involving an unknown function and its

derivatives.

A differential equation is an ordinary differential equation ODE if the unknown
function depends on only one independent variable. If the unknown function
depends on two or more independentvariables, the differential equation is a partial

differential equation PDE.

Example 1: The following are differential equations involving the unknown

function y.
D o 5x+3 R
dx
e’ dﬁ_:‘ _._z(d_\}- —
dx- dx |
— ODE
d’y 1’y
4— +(sin.\')l 5>+5xy=0
dx dx~
(d2yY dy\ = s(dyY
5 *3\'(—' +y|—| =5x
l dx~ ‘ “\dx) \dx ) —
8F 4276 +~——— PDE
ot~ ox-



Al-Farahidi University Mathematics 11 Medical Instrumentation
Engineering Techniques

The order of a differential equation is the order of the highest derivative appearing
in the equation.

Example 2: From example 1, Equation 1 is a first-order differential equation; 2, 4,
and 5 are second-order differential equations. (Note in 1.4 that the order of the
highest derivative appearing in the equation is two.) Equation 3 is a third-order
differential equation.

dy :
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1.1 Notation of Differential Equations DE’s

i. Theexpressionsy’,y",y""",y%, ....., 7™ are often used to represent,

respectively, the first, second, third, fourth, . . . nth derivatives of y with
respect to the independent variable under consideration.
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. d?y . _ : :
ii. Thus,y"” representsd—f if the independent variable is X, but represents
X

2

d
—Z if the independent variable is p.
dp

iii. Observe that parenthesis are used in y™ to distinguish it from the nth power,
y".
iv. If the independent variable is time, usually denoted by t, primes are often

A dy d?y a3y
replaced by dots. Thus, y,V,and y represent, —,— and —
P y Y,y Y rep dt = dt? dt3

respectively.

Example 3: Is y(x) = ¢, sin2x + ¢, cos 2x, where ¢, and c, are arbitrary

constants, a solution of y'' + 4y = 0?
Solution:

y' = 2c,cos2x — 2¢,sin2x

y'' = —4c,sin2x — 4c, cos2x

Hence

y'"' 4+ 4y = (—4c;sin2x — 4c, cos 2x) + 4(c, sin2x + ¢, cos2x)

= —4cysin2x — 4c,cos2x + 4c, sin2x + 4c, cos 2x

=0

Then y(x) = ¢, sin2x + ¢, cos2x is a solution of the D.E.
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Example 4: Show that y = 3e%* — e % s a solution for the DE, y'' — 4y =0
Solution:

y' =3 2%e?* —(=2)e ¥ = 6e?* + 2%
y'=6%2xe?*+2x(=2)e™* =12e** — 4e7%*
Hence
y'' —4y = (12e™ —4e™%) — 4(3e** — %)

= 12e%* — 472X — 12e% 4 472X

=0

Then y = 3e?* — e %% is a solution of the D.E

Determine whether y = x* —1 is a solution of (y")* + y% = —1.

2. First Order Differential Equations
To solve the first order differential equations, we have the following cases:

Separable Equations
Homogeneous Equations
Exact Equations

Linear Equations

a ~ Wb

Bernoulli Equations
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2.1 Separable Equations
In this case the D.E can be written in the form:

f(x)dx+ g(y)dy=0...........(1)
Or Mdx + Ndy =0 , where M=f(x) and N=g(y)
Solution of this equation by direct integration of both sides gives the general
solution.

jf(x)dx+fg(y)dy=c............ (2)

Where, c is a constant.

Example 5: Solve the D.E, (x+ 1)% =y ?

Solution:
dy y . . ax . .
i GaD Multiply both side by " to separate the variable and integrate

both sides gives,

dy dx _ _y | oax
dx y_(x+1) y
dy dx

y  (x+1)

fd_y_ dx
y J (x+1)

In(y)=In(x+1) +¢

Example 6: Solve the D.E, x(2y —3)dx + (x> + 1)dy =0 ?
Solution:

Separate the variables by multiply both side by @320

1
2y —-3)(x%2+1)

X x(2y — 3)dx + X (x?+1)dy=0

1
2y —3)(x%2+ 1)

5
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X dx 4 1
@+ D7 @y-3)
Integrate both sides,

X 1
f(2+1)dx+f(2 —3)dy:0
1 2% dx +f dy=20
(2+1) 2y —3)

Eln(x2 +1) + Eln(Zy —3)+c=0

dy=20

Solve the D.E, xe ! x=0 ?

/ 2
Solve the D.E, % = I,

2—-3x2

2.2Homogeneous Equations

A first-order D.E in the form

flx,y)dx+ g(x,y)dy =0 ............(3)

Is a homogeneoustype if both functions f(x,y) and g(x,y) are homogeneous of
the same degree n. that is, multiplyingeach variable by a parameter A, we find:

f(Ax,y) = A"f(x,y) And g, y) =A"g(x,y) ... ... ... 4)
Thus,

fQx,2y)  f(x,y)
g, 2y)  g(xy)

Equation (3) can be written in the form:
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dy fxy) vy
=gy FE) (6)
To solve eq. (6), put
da d
vz%, y = vx, d—z=v+x£ ......... (7)

Then, substitute eq. (7) in eq. (6) gives:

dv
v+x—=F(v)
dx

dv
Flv)—v =x

— e e Separable D.E

By integrating both sides, we get the final solution

dv
jm = 11’1(X)+C

Example 7: Find the general solution of the following D.E,

(x3+y3)dx —3xy?dy =0 ?

Solution:
dy (x°+y°)
dx  3xy?2

Multiply by parameter 4

dy P +2y%) PP+y?) P+y°)
dx  3lx(ly)2  A33xy?2  3xy?

. f(Ax,Ay) _f (x,y)
gAx,dy)  g(xy)

The D.E is homogeneous.

7
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Dividing by x3gives: (to get% = F(%))

Yy
dy _ 1+()°
T 32

dx 3(x)

d dv
Assumev=2, y=vx, Z=v+x—
X X X

j 3p? = dx
1—2v3 v= X

1
—Eln(l —2v)=nlx)+c

3
s n (1 -2 (%) ) + In(x) = ¢, Where ¢;—_,¢

Example 8: Solve the D.E,

(xe% +y)dx —xdy =0 ?
Solution:

dy (xe%+y)
x x

Multiply by parameter A

dy (Axe%+ly) A(xe%+y) (xe¥+y)
dx Ax - Ax - X
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. f (Ax,Ay) _f (x,y)
gAx,Ay)  glxy)

The D.E is homogeneous.

Dividing by x gives:

d y
—y=eE+X
dx X
_Y — 8 w
Letv ==, y=vx, dx—v+ "
dv v
vtx_—=e tv.. .. .. Separable D.E
dv
x—=e"+v—v

dx
jdv B dx

ev X
—eV=In(x)+c

y
~In(x)+e @ =¢



