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Definition

Aerodynamics is the science that study of objects in motion through the air and the 
forces that produce or change such motion.



Flow around cylinder 

Flow around aero foil 

Flow around aircraft 



Navier-Stokes Equations
-An important equation which give us mathematical description for the fluid flow (
internal or external flow )
-fundamental partial differentials equations that describe the flow of fluids. 
Using the rate of stress and rate of strain



 𝐹𝑥 =
 𝑑(𝑚𝑉𝑥

𝑑𝑡

Newton’s second law of motion: the resultant of force applied to particle which may be at rest or 

in motion is equal to rate of change of momentum of the particle in the direction of the resultant 

force

2-Momentum Equation:

𝑚•
𝑖𝑛

𝑚•
𝑜𝑢𝑡

Control volume

C.V

Control surface in

c.sin

Control surface Out

c.sOutThrust force 
P.A

P.A

 𝐹𝑥 =
 𝑑(𝑚𝑉𝑥

𝑑𝑡
= 𝑚. 𝑎

 𝐹𝑥 = 𝑚. 𝑎

𝑎 =
𝑑𝑉

𝑑𝑡

The Navier-Stokes Equations 



Rate of increase of momentum within the C.V. + Net rate at which momentum leaves the C.V.=

= Body force + pressure force + viscous force 

When the momentum equation is applied to an infinitesimal control volume (c.v.),

it can be written in the form:

𝛒× g

1

2

P1

P2

P1>P2





We express the total force as the sum of body forces and surface forces

Body forces: Gravity force, Electromagnetic forse, Centrifugal force

Surface forces: Pressure forces, Viscous forces

We cosider the x-component of (Eq 2).



Convective Term
Rate of change 
Momentum Term   Pressure Term  

Body force Term
Gravity  

Viscous Term  
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Lecture 2
Solutions of Viscous-Flow Equations



The equations of viscous flow derived in Lecture 1 are a system of nonlinear partial

differential equations. No general analytical method yet exists for attacking this

system for an arbitrary viscous-flow problem.

Over past 150 years, a considerable number of exact but particular solutions have

been found which satisfy the complete equations for some special geometry, many

of which are very illuminating about viscous flow phenomena.

Almost all the known particular solutions are for the case of incompressible

Newtonian flow with constant transport properties.



Basically, there are two types of exact solutions of the momentum equation:

1. Linear solutions, where the convective term Vvanishes

2. Nonlinear solutions, where Vexist

It is also possible to classify solutions by the type or geometry of

flow involved:

 1. Couette (wall-driven) steady flows

 2. Poiseuille (pressure-driven) steady duct flows

3. Unsteady duct flows

4. Unsteady flows with moving boundaries

5. Duct flows with suction or injection



In fluid dynamics, Couette flow is the laminar flow of a viscous fluid in the space
between two parallel plates, one of which is moving relative to the other.

The flow is driven by virtue of viscous drag force acting on the fluid
and the applied pressure gradient parallel to the plates.
This kind of flow has application in hydro-static lubrication, viscosity
pumps and turbine.

Couette flow 



Navier-Stokes Equation: Cartesian Coordinates

Continuity equation for 3-D flow

X-momentum

Y-momentum

Z-momentum

𝜕𝜌 𝜕 𝜕 𝜕

𝜕𝑡
+ 
𝜕𝑥

(ρ𝑢) + 
𝜕𝑦

(ρ𝑣) + 
𝜕𝑧

(ρ𝑤) = 0

𝜌
𝜕𝑢 𝜕𝑢 𝜕𝑢 𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑥
+ 𝑣

𝜕𝑦
+ 𝑤

𝜕𝑧

𝜕𝑃
= − 

𝜕𝑥
+ 𝜌𝑔𝑥 + 𝜇

𝜕2𝑢 𝜕2𝑢 𝜕2𝑢

𝜕𝑥2  + 
𝜕𝑦2  +𝜕𝑧2

𝜇 𝜕
+ 

3𝜕𝑥

𝜕𝑢 𝜕𝑣 𝜕𝑤

𝜕𝑥
+ 
𝜕𝑦

+
𝜕𝑧

𝜕𝑣 𝜕𝑣 𝜕𝑣 𝜕𝑣ρ + 𝑢 + 𝑣 + 𝑤
𝜕𝑡 𝜕𝑥 𝜕𝑦 𝜕𝑧

𝜕𝑃= − + 𝜌𝑔𝑦 +𝜇
𝜕𝑦

𝜕2𝑣 𝜕2𝑣 𝜕2𝑣 𝜇 𝜕

𝜕𝑥2 + 
𝜕𝑦2  + 

𝜕𝑧2 +3 𝜕𝑦
𝜕𝑢 𝜕𝑣 𝜕𝑤+ +
𝜕𝑥 𝜕𝑦 𝜕𝑧

ρ
𝜕𝑤 + 𝑢 𝜕𝑤 + 𝑣 𝜕𝑤 + 𝑤 𝜕𝑤

𝜕𝑡 𝜕𝑥 𝜕𝑦 𝜕𝑧 𝜕𝑧 𝑧= − 𝜕𝑃 + 𝜌𝑔 + 𝜇
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2𝑤 + 𝜕
2𝑤 +𝜇 𝜕

𝜕𝑥2 𝜕𝑦2 𝜕𝑧2 3 𝜕𝑧

𝜕𝑢 + 𝜕𝑣 + 𝜕𝑤

𝜕𝑥 𝜕𝑦 𝜕𝑧

𝜕𝑥 𝜕𝑦 𝜕𝑧

𝜕𝑢 𝜕𝑣 𝜕𝑤
+ + = 0 Continuity equation for study incompressible flow



• 𝑢 ≠ 0, 𝑣 = 𝑤 = 0

• means 𝑢 = 𝑢(𝑦, 𝑧)

• Now Steady Navier-Stroke equation canbe  reduce to

0 0

X-momentum

Analytical solution oF Couette flow
We choose 𝑥 to be the direction along which all fluid particles travel, and assume the plates are  infinitely

large in z-direction, so the z-dependence is not there.

0 0 00000



• The governing equation is:

The boundary conditionsare:

1- at 𝑦 = 0, →𝑢= 0 𝐶2 = 0 𝑎𝑛𝑑

2- 𝑦 = ℎ,   →𝑢 = 𝑈

By integrating we get 



The velocity profile in non-dimensional form

(simple couette flow )

Fig. Simple couette flow

• For simple shear flow, there is no pressure gradient in  
the direction of theflow.

• when 𝑃 = 0 the equation reduced to:

Where P is non-dimensional Pressuregradient.



The velocity profiles for various P

• For P < 0, the fluid motion created by the
top plate is not strong enough to
overcome the adverse pressure gradient,
hence backflow (i.e., u/U is negative)
occurs at the lower-half region.

• For P>0, the fluid motion created by top
plate is enough strong to overcome the
adverse pressure gradient, hence u/U is
+ve over the whole gap.

VelocityProfiles



Maximum and minimum velocity and it’s location

• For maximum velocity :
𝜕
𝑦

𝜕𝑢 = 0

• 𝜕𝑢 = 𝑈 + 𝑃𝑈

𝜕𝑦 ℎ ℎ
1 − 2 𝑦 = 0

ℎ

• It is interesting to note that maximum velocity for P=1 occurs at y/h
=1 and equals to U. For P>1, the maximum velocity occurs at a  
location y/h<1.

• This means that with P>1, the fluid particles attain a velocity higher than  

that of the moving plate at a location somewhere below the moving plate.

• For P=-1 the minimum velocity occurs, at y/h=0. For P<-1, the minimum

velocity occurs at allocation y/h>1, means occurrence of back flow near the

fixed plate.

The Max. velocity : 𝑢𝑚𝑎
𝑥

2

= 𝑈(1+𝑃)

4𝑃

The Min. velocity : 𝑢 𝑚𝑖
𝑛

2

= 𝑈(1+𝑃)

4𝑃

For P ≥ 1  

For P ≤ 1



Volume flow rate and average velocity

• The volume flow rate per unit width is:



Shear stress distribution

• By invoking Newton’s law of viscosity:

• In the dimensionless form, the shear stress distribution becomes

• For P=0, Shear stress remains constant across the flow passage: 𝜏 = 𝜇𝑈

ℎ

• At y=h/2, i.e., at the center of the f low passage, shear stress is  
independent of pressure gradient(P).

• Shear stress varies linearly with the distance from the boundary.



MCQ:



3-What is an assumption made while considering Couette flow?

a) Flow is unparallel

b) No slip condition between two plates

c) Flow is inviscid

d) Both the plates are stationary

View Answer

Answer: b

Explanation: In analyzing Coutte flow, we have two flat plates kept parallel to each other with viscous fluid contained 

between the two. One major assumption made is that there is a no slip condition thus resulting in no relative motion 

between the fluid and the plate.



Hydrodynamic Lubrication (Sliding Bearing)

Large forces are developed in small clearance when the surfaces are slightly inclined

and one is in motion so that fluid is wedged into the decreasing space. Usually the oils

employed for lubrication are highly viscous and the flow is of laminar nature.
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Definition

Aerodynamics is the science that study of objects in motion through the air and the 
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Flow around cylinder 

Flow around aero foil 
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Navier-Stokes Equations
-An important equation which give us mathematical description for the fluid flow (
internal or external flow )
-fundamental partial differentials equations that describe the flow of fluids. Using the 

rate of stress and rate of strain



෍𝐹𝑥 =
ሻ𝑑(𝑚𝑉𝑥

𝑑𝑡

Newton’s second law of motion: the resultant of force applied to particle which may be at rest or 

in motion is equal to rate of change of momentum of the particle in the direction of the resultant 

force

2-Momentum Equation:

𝑚•
𝑖𝑛

𝑚•
𝑜𝑢𝑡

Control volume

C.V

Control surface in

c.sin

Control surface Out

c.sOutThrust force 
P.A

P.A

෍𝐹𝑥 =
ሻ𝑑(𝑚𝑉𝑥

𝑑𝑡
= 𝑚. 𝑎

෍𝐹𝑥 = 𝑚. 𝑎

𝑎 =
𝑑𝑉

𝑑𝑡

The Navier-Stokes Equations 



Rate of increase of momentum within the C.V. + Net rate at which momentum leaves the C.V.=

= Body force + pressure force + viscous force 

When the momentum equation is applied to an infinitesimal control volume (c.v.),

it can be written in the form:

𝛒× g

1

2

P1

P2

P1>P2





We express the total force as the sum of body forces and surface forces

Body forces: Gravity force, Electromagnetic forse, Centrifugal force

Surface forces: Pressure forces, Viscous forces

We cosider the x-component of (Eq 2).



Convective Term
Rate of change 
Momentum Term   Pressure Term  

Body force Term
Gravity  

Viscous Term  
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Momentum Equation:

For

1. 2D flow 2• Steady flow 3.
𝑑𝑝

𝑑𝑥
= 0 4.

𝑑𝑢

𝑑𝑥
= 0

2. τo = 𝑝
𝑑

𝑑𝑥
0׬
δ
𝑈 − 𝑢 𝑢 ∗ 𝑑𝑦 → τo = 𝜌U2 𝑑

𝑑𝑥
0׬
δ 𝑢

𝑈
∗ (1 −

𝑢

𝑈
)𝑑𝑦

For dimensionless

𝑢

𝑈
= f

y

δ
= f η , Where η =

y

δ

B.C At y=0, u=0, gives
𝑢

𝑈
= 0 , η = 0

At y= δ, u = U, gives
𝑢

𝑈
= 1, f η = 1, η = 1

Where η =
y

δ



η =
y

δ
η. δ = y δ. dη = dy

τo = 𝜌U2
𝑑δ

𝑑𝑥
න
0

1

f η (1 − f η ) dη

let A = න
0

1

f η (1 − f η ) dη

τo = 𝜌U2
𝑑δ

𝑑𝑥
𝐴

τo = μ
𝑑u

𝑑𝑦
|y=0

𝑢

𝑈
= f η → u = Uf η



du = U df η η =
y

δ
δη = 𝑦 δ. dη = dy

𝑑𝑢

𝑑𝑦
=

𝑈

δ
=

𝑑f η

𝑑η
|η=0 Because ∶ δη = 𝑦

When y=0 → η = 0 → δ ≠ 0

τo =
η

δ
𝑈
𝑑f η

𝑑η
|η=0

let
𝑑f η

𝑑η
|η=0 = 𝐵

τo =
η

δ
𝑈𝐵

τo = 𝜌𝐴U2
𝑑δ

𝑑𝑥
= τo = 𝐵 ∗

μU

δ

𝑑δ

𝑑𝑥
=

μUB

δ𝜌𝐴𝑈2

නδ 𝑑δ =
μUB

𝜌𝐴𝑈2
𝑑𝑥 =

μB

𝜌𝐴U
𝑑𝑥

δ2

2
=

μBx

𝜌𝐴U
∗
𝑥

𝑥

δ2 =
2 Bx2

𝐴
∗

μ

𝜌𝑈𝑥
=

2 Bx2

𝐴
∗

1

𝑅𝑒𝑥

δ =
2𝐵

𝐴
∗

𝑥

𝑅𝑒𝑥



𝑑δ

𝑑𝑥
=

μUB

𝜌𝐴𝑈2 2𝐵
𝐴

∗
𝑥

𝑅𝑒𝑥

=
μB

2𝜌𝑈𝐴𝑋

𝑑δ

𝑑𝑥
=

μB

2𝜌𝑈𝐴𝑋

τo = 𝜌𝐴U2
μB

2𝜌𝑈𝐴𝑋
= 𝜌U2

AμB

2𝜌𝑈𝑋
= 𝜌U2

𝐵A

2𝑅𝑒𝑥

FD = bන
0

𝐿

τo dx , b = 1 ,width

FD

= න
0

𝐿

𝜌U2
AμB

2𝜌𝑈𝑋
dx = න

0

𝐿

𝜌U2
AμB

2𝜌𝑈
∗ 𝑥

1
2 dx

FD =
𝜌2𝑈4𝐴𝐵μ

2𝜌𝑈
∗
𝑥
1
2

1
2

|0
𝐿

=
𝜌𝑈3𝐴𝐵μ ∗ 4 ∗ L

2

FD = 2𝜌𝑈3𝐴𝐵μL , 𝐿

= 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑡𝑒𝑠

CD =
FD

1
2
𝜌𝐿U2 ∗ 1

𝐶𝐷 =
2𝜌𝑈3𝐴𝐵μL

1
2
𝜌𝐿U2

𝐶𝐷 = 2 ∗
2𝐴𝐵μ

𝜌𝑈𝐿
= 𝐶𝐷 = 2 ∗

2𝐴𝐵

𝑅𝑒 𝐿



Cf =
τo

1
2
𝜌U2

= 𝑓 =
4τo

1
2
𝜌U2

= 𝐶𝑓 =
4

𝑓

τo =
1

2
𝜌U2𝐶𝑓

FD = τo ∗ Area

= න
0

𝐿

τo ∗ b ∗ dx , b = 1 ,width

FD =
1

2
𝜌U2𝐶𝑓 ∗ 𝐴𝑟𝑒𝑎

Cf =
FD

1
2
𝜌U2 ∗ 𝐴𝑟𝑒𝑎

FD = 2𝜌𝑈3𝐴𝐵μL = 2𝜌𝑈3 ∗ 0.139 ∗
3

2
μL

FD = 0.644 ∗ 2𝜌𝑈3μL

𝐶𝐷 = 2 ∗
2𝐴𝐵μ

𝜌𝑈𝐿
= 2 ∗

2 ∗ 0.139 ∗
3
2

𝑅𝑒𝐿

=
1.288

𝑅𝑒 𝐿

δ =
2𝐵

𝐴
∗

𝑋

𝑅𝑒𝑥

dδ

dx
=

𝐵μ

2𝜌𝑈𝐴𝑥



τo = 𝜌U2
𝑑δ

𝑑𝑥
𝐴 = 𝜌U2

𝐵A

2𝑅𝑒𝑥

FD = 0׬
𝐿
τo dx = 0׬

𝐿
τo dx = 𝜌U2 𝐵A

2𝑅𝑒𝑥

dx= 2𝜌𝑈3𝐴𝐵μL

CD =
FD

1
2
𝜌𝐿U2

= 2
2𝐴𝐵

𝑅𝑒𝐿



Turbulent B.L

𝑢

𝑈
= (

y

δ
)
1
𝑛= (η)

1
𝑛= 𝑓 η = (η)

1
𝑛

τo = μ
𝑑u

𝑑𝑦
|y=0

is equal to ∞ because

𝑑 η
1
𝑛

dη
=

1
𝑛 η

1
𝑛
−1|η=0

τo =
1

2
𝜌U2𝐶𝑓

in pipe= f= 0.316∗ 𝑅𝑒
−1

4

𝑅𝑒 =
𝜌𝐷𝑉

μ

U = 1.235𝑉

Vaverge =
1

1.235
𝑈 = 0.809 ∗ 𝑈

𝑅𝑒 =
𝜌𝐷𝑉

μ
, 𝐷 = 2δ

τo =
1

2
𝜌U2𝐶𝑓 =

1

2
∗
𝐹

4
∗

𝜌𝑈2

1.2352
= 𝑓

= 0.316 ∗ 𝑅𝑒
−1
4

τo =
1

8
∗ 0.316 ∗

𝜌𝑈2

1.2352
𝑅𝑒

−1
4

=
0.316

8 ∗ 1.2352
𝜌𝑈2 ∗ (

𝜌𝑈 ∗ 2

μ ∗ 1.235
)
−1
4

τo = 0.0228 ∗ 𝜌𝑈2 ∗ 𝑅𝑒
−1

4 ∗ δ where D = 2δ



Introduction

The drag on a body passing through a fluid may be considered to be made up of

two components: Form drag and Skin friction drag.

Form drag: which is dependent on the pressure forces acting on the body; and

the skin friction drag , which depends on the shearing forces acting between

the body and the fluid.



Shear Force and Pressure Force

❖ Shear forces:

• viscous drag, frictional drag, or skin friction

• caused by shear between the fluid and the  

solid surface

• function of Surface area and Length of  

object

U

U

Major losses in pipes

Flow expansion  

losses

Projected area

❖ Pressure forces

• pressure drag or form drag

• caused by Flow separation from the body

• function of area normal to the flow



Description of Boundary Layer

U 

w: wall shear stresses

In the immediate vicinity of the boundary surface, the velocity of the fluid

increases gradually from zero at boundary surface to the velocity of the

mainstream. This region is known as BOUNDARY LAYER.

Large velocity gradient leading to appreciable shear stress: 
y = 0

  u 
=   

 y 

The nominal thickness of BOUNDARY LAYER is defined as the distance from  

the boundary where the velocity of fluid is 99 % of free stream velocity



Description of Boundary Layer

U 

shear stress:   u 
 =   

 y 

Shear stress acting at the plate surface

sets up a shear force which opposes

the fluid motion, and fluid close to the

wall is decelerated.

Theoretical understanding on Boundary layer development is very important to  

determine the velocity gradient and hence shear forces on the surface.

w: wall shear stresses

Consists of two layers:

CLOSE TO BOUNDARY : large velocity gradient, appreciable viscous forces.  

OUTSIDE BOUNDARY LAYER: viscous forces are negligible, flow may be  

treated as non-viscous or inviscid.



Development of 
Boundary Layer

The boundary layer thickness increases as the distance x from leading edge is

increases. This is because of viscous forces that dissipate more and more

energy of fluid stream as the flow proceeds and large group of particles are slow

downed.

In laminar boundary layer the particles are moving along stream lines.

The disturbance in fluid flow in boundary layer is amplified and the flow become

unstable and the fluid flow undergoes transition from laminar to turbulent flow.

This regime is called transition regime.



Development of 
Boundary Layer

After going through transition zone of finite length the flow becomes completely

turbulent which is characterized by three dimensional, random motion of

fluctuation induced bulk motion parcel of fluid.

LAMINAR BOUNDARY LAYER PROFILE – PARABOLIC

TURBULENT BOUNDARY LAYER – PROFILE BECOMES LOGARITHMIC



Development of 
Boundary Layer

BL depends on Reynold’s number & also on the surface roughness. Roughness of

the surface adds to the disturbance in the flow & hastens the transition from

laminar to turbulent.

For laminar flow
  u 

 =   
 y

For Turbulent flow 



 u
= (  +  )

 y

Where ε is the eddy viscosity and  

is often much larger than µ

.



Boundary Layer Thickness for  Laminar 
and Turbulent

For Turbulent flow

The boundary layer thickness is governed by parameters like incoming velocity,  

kinematic viscosity of fluid etc.

For laminar flow

Re
lam

x

 =
5.0x Pohlhausen  

(Exact solution) Re
lam

x

 =
5.835x Blassius

(Approximate solution)

1
5Re

tur
 =

0.377x



Flow Patterns and Regimes within Laminar  and 
Turbulent Boundary Layer

As mentioned above, very close to the plane surface the flow remains laminar and  

a linear velocity profile may be assumed.

In this region, the velocity gradient is governed by the fluid viscosity



  u  
= 

 y 



Flow Patterns and Regimes within Laminar  and 
Turbulent Boundary Layer

In turbulent flow, owing to the random motion of the fluid particles, eddy patterns are

set up in the boundary layer which sweep small masses of fluid up and down

through the boundary layer, moving in a direction perpendicular to the surface and

the mean flow direction.



Flow Patterns and Regimes within Laminar  and 
Turbulent Boundary Layer

Conversely, slow-moving fluid is lifted into the upper levels, slowing down the fluid

stream and, by doing so, effectively thickening the boundary layer, explaining the

more rapid growth of the turbulent boundary layer compared with the laminar one.

Owing to these eddies, fluid from the upper higher-velocity areas is forced into the

slower-moving stream above the laminar sublayer, having the effect of increasing

the local velocity here relative to its value in the laminar sublayer.

In order to explain this

process, the eddy viscosity, ε

should be added in Shear

stress formulation.



Effect of Pressure Gradient on Boundary  
Layer Development

The presence of a pressure gradient ∂p/∂x effectively means a ∂u/∂x term, i.e. the  

flow stream velocity changes across the surface.

for example, consider a curved surface, then the velocity variation can be  

shown as:



Effect of Pressure Gradient on Boundary  
Layer Development

downstream direction, then

If the pressure decreases in the

the

boundary layer tends to be reduced in

thickness, and this case is termed a

favorable pressure gradient.

If the pressure

downstream  

boundary layer

direction,

thickens

then

rapidly;

increases in the

the

this

case is referred to as an adverse  

pressure gradient.



Cylinder in a Cross Flow

Conditions depend on special features of boundary layer development, including onset at a  

stagnation point and separation, as well as transition to turbulence.

– Stagnation point:  Location of zero velocity (u = 0) and maximum pressure.

– Followed by boundary layer development under a favorable pressure gradient

(dp / dx  0) and hence acceleration of the free stream flow (du / dx  0).

– As the rear of the cylinder is approached, the pressure must begin to increase.  

Hence, there is a minimum in the pressure distribution, p(x), after which boundary  

layer development occurs under the influence of an adverse pressure gradient

(dp / dx  0, du / dx  0).



y =0 reduces tozero.– Separation occurs when the velocity gradient du /dy

and is accompanied by flow reversal and a downstream wake.

– Location of separation depends on boundary layer transition.

ReD

VD 

=
VD

 

Cylinder in a Cross Flow





Boundary Layer

History
❖ 1904 Prandtl

Fluid Motion with Very Small Friction

2-D boundary layer equations

❖ 1908 Blasius

The Boundary Layers in Fluids with Little Friction

Solution for laminar, 0-pressure gradient flow

❖ 1921 von Karman

Integral form of boundary layer equations





Flat Plate: Parallel to Flow

U
x

y

U U U



o

Why is shear maximum at the leading edge of 

the plate?

boundary 

layer 

thickness

shear

du

dy
is maximum

δ = y(u=0.99Us)



Graphical Representation
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Types of fluid Flow

Ideal 

Friction = 0

Ideal Flow ( μ=0)  

Energy loss =0

Real 

Friction = o

Real Flow ( μ≠0)  

Energy loss = 0

1. Real and Ideal Flow:

If the fluid is considered frictionless with zero viscosity it is called

ideal.

In real fluids the viscosity is considered and shear stresses occur

causing conversion of mechanical energy into thermal energy

5



One , Two and three Dimensional Flow :(cont.)

One dimensional flow means that

the flow velocity is function of one

coordinate

V = f( X or Y or Z )

Three dimensional flow means that 

the flow velocity is function

of there coordinates 

V = f( X,Y,Z)

Two dimensional flow means that 

the flow velocity is function
of two coordinates

V = f( X,Y or X,Z or Y,Z )

y

6

x



Where q=V





































1.1 Introduction:

25

The objective is to determine the flow around a sold body. 

To find the velocity and thus the pressure distribution

Airfoil Streamlines Cylinder Streamlines



Visualization of flow Pattern
■ The flow velocity is the basic description of how a fluid moves in time and space, but 

in order to visualize the flow pattern it is useful to define some other properties of 

the flow. These definitions correspond to various experimental methods of 

visualizing fluid flow. They are :

a. Streamlines

b. Pathlines

c. Streak lines

CAR surface  

pressure 

contours 

and 

streamlines

Airplane surface 

pressure 

contours, 

volume 

streamlines, and  

surface 

streamlines



Stream line
✓A Streamline is a curve that is  

everywhere tangent to the 

instantaneous local velocity vector.

✓It has the direction of the velocity vector

at each point of flow across the streamline.

Character of Streamline :
1. Streamlines can not cross each other. 

(otherwise, the cross point will have two

tangential lines.)

2. Streamline can't be a folding line, but a

smooth curve.

3. Streamline cluster density reflects the 

magnitude of velocity. (Dense streamlines 

mean large velocity; while sparse 

streamlines mean small velocity.

q



PATHLINE

✓A Pathline is the actual path
travelled by an individual fluid
particle over some time period.

✓ Same as the fluid particle's
material position vector .

✓And the path of a particle 
same as Streamline for Steady 
Flow.



Streak line and Stream Tubes

✓ A streakline is the locus of 

fluid particles that have 

passed sequentially through a 

prescribed point in the flow.

✓ Easy to generate in 

experiments like dye in a 

water flow, or smoke in an 

airflow.

✓Streamtube : is an

imaginary tube whose 

boundary consists of

streamlines.

✓ The volume flow rate must 

be the same for all cross 

sections of the stream tube.
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Flow Net

31

- In order to determine the flow field around a solid body we shall define the following:

1. Stream Function (which define the streamlines)

2. Potential Function (which define the potential lines)

Streamlines

Potential lines



Flow Net
❖ A grid obtained by drawing a series of stream lines and

equipotential lines is known as a flow net.

❖ Flow net provides a simple graphical technique for studying two

– dimensional irrotational flows, when the mathematical 

calculation is difficult.

❖ The stream lines and equipotential lines are mutually 

perpendicular to each other.

❖ A flow net analysis assist in the

design of an efficient boundary 

shapes.

❖ It is also used to calculate the

flow at ground level.



1.3 Stream Function الانسیاب دالة

2

❖ Streamline in a fluid flow is an imaginary curve in which the tangent at any point

represent the velocity vector at that point.

❖ It is defined as the scalar function of space and time, such that its partial derivative

with respect to any direction gives the velocity component at right angles to that direction

. It is denoted by 𝝍 (psi) and defined for two dimensional flow.



Stream Function

❖ The slope of the streamline at point (1) is:

𝒕𝒂𝒏 𝜽 =
𝒅𝒚

=
𝒗

𝒅𝒙 𝒖

∴ 𝒅𝒚 = 𝒗

𝒅𝒙 𝒖
… … . ∗ differential equation for a streamline in two-dimensions.

❖ If u and v are known functions of x and y then eq (*) can be integrated to yield the algebraic 

equation for a streamline.

f(x,y) = c

where c = constant of integration with different values for different streamlines.

❖ The function f(x,y) is called the stream function and is denoted by the symbol 𝝍

∴ 𝝍 𝒙,𝒚 = 𝒄 … … . . 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐟𝐨𝐫 𝐚 𝐬𝐭𝐫𝐞𝐚𝐦𝐥𝐢𝐧𝐞

v

x

y

streamlin  

e

1 𝜽

u

q



❖Properties of Stream Function:

■ Since no fluid can be cross s streamline, the flow occurring between two 

streamlines must remain unchanged.

𝑸𝟏𝟐 = 𝑸𝟏𝟑 = 𝒖 𝜹𝒚 + −𝒗 𝜹𝒙

Also

𝑸𝟏𝟐 = 𝑸𝟏𝟑 = 𝝍𝟐 − 𝝍𝟏 = 𝜹𝝍

∴ 𝜹𝝍 = 𝒖 𝜹𝒚 − 𝒗 𝜹𝒙 …......... (i)

but

𝜹𝝍 = 𝝏𝝍 𝜹𝒚 + 𝝏𝝍𝜹𝒙
𝝏𝒚 𝝏𝒙

…......... (ii)

u

v

x

y

1

𝝍𝟏

𝝍𝟐

3

𝜹𝒙

𝜹𝒚

2
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1.1 Introduction:

2

The objective is to determine the flow around a sold body. 

To find the velocity and thus the pressure distribution

Airfoil Streamlines Cylinder Streamlines



Visualization of flow Pattern
■ The flow velocity is the basic description of how a fluid moves in time and space, but 

in order to visualize the flow pattern it is useful to define some other properties of 

the flow. These definitions correspond to various experimental methods of 

visualizing fluid flow. They are :

a. Streamlines

b. Pathlines

c. Streak lines

CAR surface  

pressure 

contours 

and 

streamlines

Airplane surface 

pressure 

contours, 

volume 

streamlines, and  

surface 

streamlines



Stream line
✓A Streamline is a curve that is  

everywhere tangent to the 

instantaneous local velocity vector.

✓It has the direction of the velocity vector

at each point of flow across the streamline.

Character of Streamline :
1. Streamlines can not cross each other. 

(otherwise, the cross point will have two

tangential lines.)

2. Streamline can't be a folding line, but a

smooth curve.

3. Streamline cluster density reflects the 

magnitude of velocity. (Dense streamlines 

mean large velocity; while sparse 

streamlines mean small velocity.

q



PATHLINE

✓A Pathline is the actual path
travelled by an individual fluid
particle over some time period.

✓ Same as the fluid particle's
material position vector .

✓And the path of a particle 
same as Streamline for Steady 
Flow.



Streak line and Stream Tubes

✓ A streakline is the locus of 

fluid particles that have 

passed sequentially through a 

prescribed point in the flow.

✓ Easy to generate in 

experiments like dye in a 

water flow, or smoke in an 

airflow.

✓Streamtube : is an

imaginary tube whose 

boundary consists of

streamlines.

✓ The volume flow rate must 

be the same for all cross 

sections of the stream tube.
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Flow Net

8

- In order to determine the flow field around a solid body we shall define the following:

1. Stream Function (which define the streamlines)

2. Potential Function (which define the potential lines)

Streamlines

Potential lines



Flow Net
❖ A grid obtained by drawing a series of stream lines and

equipotential lines is known as a flow net.

❖ Flow net provides a simple graphical technique for studying two

– dimensional irrotational flows, when the mathematical 

calculation is difficult.

❖ The stream lines and equipotential lines are mutually 

perpendicular to each other.

❖ A flow net analysis assist in the

design of an efficient boundary 

shapes.

❖ It is also used to calculate the

flow at ground level.



1.3 Stream Function الانسیاب دالة

2

❖ Streamline in a fluid flow is an imaginary curve in which the tangent at any point

represent the velocity vector at that point.

❖ It is defined as the scalar function of space and time, such that its partial derivative

with respect to any direction gives the velocity component at right angles to that direction

. It is denoted by 𝝍 (psi) and defined for two dimensional flow.



Stream Function

❖ The slope of the streamline at point (1) is:

𝒕𝒂𝒏 𝜽 =
𝒅𝒚

=
𝒗

𝒅𝒙 𝒖

∴ 𝒅𝒚 = 𝒗

𝒅𝒙 𝒖
… … . ∗ differential equation for a streamline in two-dimensions.

❖ If u and v are known functions of x and y then eq (*) can be integrated to yield the algebraic 

equation for a streamline.

f(x,y) = c

where c = constant of integration with different values for different streamlines.

❖ The function f(x,y) is called the stream function and is denoted by the symbol 𝝍

∴ 𝝍 𝒙,𝒚 = 𝒄 … … . . 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐟𝐨𝐫 𝐚 𝐬𝐭𝐫𝐞𝐚𝐦𝐥𝐢𝐧𝐞

v

x

y

streamlin  

e

1 𝜽

u

q



❖Properties of Stream Function:

■ Since no fluid can be cross s streamline, the flow occurring between two 

streamlines must remain unchanged.

𝑸𝟏𝟐 = 𝑸𝟏𝟑 = 𝒖 𝜹𝒚 + −𝒗 𝜹𝒙

Also

𝑸𝟏𝟐 = 𝑸𝟏𝟑 = 𝝍𝟐 − 𝝍𝟏 = 𝜹𝝍

∴ 𝜹𝝍 = 𝒖 𝜹𝒚 − 𝒗 𝜹𝒙 …......... (i)

but

𝜹𝝍 = 𝝏𝝍 𝜹𝒚 + 𝝏𝝍𝜹𝒙
𝝏𝒚 𝝏𝒙

…......... (ii)

u

v

x

y

1

𝝍𝟏

𝝍𝟐

3

𝜹𝒙

𝜹𝒚

2



Comparing eq (i) & (ii) we note that:

𝒖 =
𝝏𝝍 𝝏𝝍

𝝏𝒚
, 𝒗 = −

𝝏𝒙
… … … … … . 𝟒𝒂

In the cylindrical coordinates

𝒖𝒓 , 𝒖𝜽=
𝟏 𝝏𝝍

= −
𝝏𝝍

𝒓 𝝏𝜽 𝝏𝒓
… … … … … . 𝟒𝒃

u𝜃r

x

y

𝜽

ur

d𝜽

• 𝑥 = 𝑟 cos 𝜃

• 𝑦 = 𝑟 sin 𝜃

■ If stream function exists, it is a possible case of fluid flow which may be rotational

or irrotational.

■ If stream function satisfies the Laplace equation, it is a possible case of an irrotational

flow.

+ve



** Continuity equation in terms of stream function:

𝝏𝒖
+
𝝏𝒗

= 𝟎
𝝏𝒙 𝝏𝒚

𝝏 𝝏𝝍 𝝏

𝝏𝒙 𝝏𝒚
+
𝝏𝒚

−
𝝏𝝍

𝝏𝒙
= 𝟎

𝝏𝟐𝝍 𝝏𝟐𝝍
∴
𝝏𝒙 𝝏𝒚

−
𝝏𝒚 𝝏𝒙

= 𝟎 … … … … … . 𝟓

Continuity equation in terms of stream function

معادلة الاستمرارية بدلالة دالة الانسياب









■ Any function ∅ that satisfies the Laplace equation is a possible irrotational 

fluid-flow case.

■ Principle of superposition دالة الجمع

i. If ∅1 and ∅2 are solutions of equation (7) then (∅𝟏+ ∅𝟐) is also a solution.

ii. If ∅1 is a solution of equation (7) then (C ∅1) is also a solution, where C is 

constant

■ Because irrotational flow can be described by the velocity potential ∅, 

irrotational flow is called Potential flow

10



1.5.1 Uniform Flow: (Rectilinear Flow) - Uniform flow in the x-direction

𝒖 = =
𝝏𝝍 𝝏∅

𝝏𝒚 𝝏𝒙
−−−−−−−−−−− − 𝒊

−−−−−−−−−−− − 𝒊𝒊

or 𝝍 = 𝒖 𝒚

𝒗 = 𝟎

from 𝒊

𝝍 = ∫𝒖 𝒅𝒚 = 𝒖 𝒚

also from 𝒊

∅ = ∫𝒖 𝒅𝒙 = 𝒖 𝒙 or ∅ = 𝒖 𝒙

u

v=0

x

y

𝝍𝟒

𝝍𝟑

𝝍𝟐

𝝍𝟏

∅𝟏 ∅𝟐 ∅𝟑



- Uniform flow in the
y-direction
𝒖 = 𝟎 −−−−−−−−−−− − 𝒊

𝒗 = − 
𝝏𝝍 𝝏∅

𝝏𝒙
=
𝝏𝒚

−−−−−−−−−−− − 𝒊𝒊

from 𝒊𝒊

𝝍 = −𝒗 𝒙

and

∅ = 𝒗 𝒚
u=

0

v

x

y 𝝍𝟏 𝝍𝟐 𝝍𝟑 𝝍𝟒

∅𝟑

∅𝟐

∅𝟏



- General uniform flow

𝒒 = 𝒖𝟐 + 𝒗𝟐

𝝍 = 𝒖 𝒚 − 𝒗 𝒙

∅ = 𝒖 𝒙 + 𝒗 𝒚

x

y

𝒒
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1.6 Combination of Basic Flows

1.6.1 Uniform Flow and Source

Source

𝝍 = 𝑲𝜽

∅ = 𝑲 𝒍𝒏 𝒓

Resulting

𝝍 = 𝑼 𝒚 + 𝑲𝜽

∅ = 𝑼 𝒙 + 𝑲 𝒍𝒏 𝒓

Uniform flow

𝝍 = 𝑼 𝒚

∅ = 𝑼 𝒙
The resulting 𝝍 is:

𝝍 = 𝑼 𝒚 + 𝑲𝜽

𝝍 = 𝑼 𝒓 𝒔𝒊𝒏𝜽 + 𝑲 𝜽 = 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕

B

𝝍 = 𝒄𝒐𝒏𝒔𝒕 =
𝑸

𝟐

U

𝑲

𝑼

A

C



𝒖 =
𝟏 𝝏 𝝍

= 𝑼 𝒄𝒐𝒔 𝜽 +
𝑲

𝒓 𝝏 𝜽 𝒓𝒓

𝒂𝒏𝒅

𝜽 𝝏 𝒓
𝒖 = −

𝝏 𝝍
= − 𝑼 𝒔𝒊𝒏 𝜽

Points B is the stagnation point and can be located by setting the equation for

𝒖𝒓 and 𝒖𝜽 equal to zero

𝑩 𝒓𝑩
𝑼 𝒄𝒐𝒔 𝜽 +

𝑲
= 𝟎 … … … … 𝒊

𝑼 𝒔𝒊𝒏 𝜽𝑩 = 𝟎 … … … … 𝒊𝒊

⇒ 𝜽𝑩 = 𝝅from 𝒊𝒊 : 𝒔𝒊𝒏 𝜽𝑩 = 𝟎

sub in 𝒊 : 𝑼 = 𝑲

𝒓𝑩
⇒ 𝒓𝑩 = 𝑲

𝑼

𝑩 𝑩∴ 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒐𝒇 𝑩 𝒓 ,𝜽 =
𝑲

𝑼
,𝝅

𝝍 = 𝑼 𝒓 𝒔𝒊𝒏𝜽 + 𝑲𝜽



𝒔𝒖𝒃 𝒕𝒉𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒐𝒇 𝑩 𝒊𝒏 𝒕𝒉𝒆 𝒆𝒒𝒖 𝒐𝒇 𝝍 𝒚𝒊𝒆𝒍𝒅𝒔:

𝝍 = 𝑼
𝑲
𝒔𝒊𝒏 𝝅 + 𝑲𝝅 = 𝒄𝒐𝒏𝒔𝒕

𝑼

𝝍 = 𝑲𝝅

∴ 𝝍 =
𝑸

𝝅 =
𝑸

𝟐𝝅 𝟐

𝟐
𝒕𝒉𝒆 𝒔𝒕𝒓𝒆𝒂𝒎𝒍𝒊𝒏𝒆 𝑨𝑩𝑪 𝝍 =

𝑸
𝒊𝒔 𝒂 𝒅𝒊𝒗𝒊𝒅𝒊𝒏𝒈

𝒔𝒕𝒓𝒆𝒂𝒎𝒍𝒊𝒏𝒆.
𝑻𝒉𝒊𝒔 𝒔𝒕𝒓𝒆𝒂𝒎𝒍𝒊𝒏𝒆 𝒄𝒐𝒖𝒍𝒅 𝒃𝒆 𝒓𝒆𝒑𝒍𝒂𝒄𝒆𝒅 𝒃𝒚 𝒂 𝒔𝒐𝒍𝒊𝒅
𝒔𝒖𝒓𝒇𝒂𝒄𝒆 𝒐𝒇 𝒕𝒉𝒆𝒔𝒂𝒎𝒆 𝒔𝒉𝒂𝒑𝒆,𝒇𝒐𝒓𝒎𝒊𝒏𝒈 𝒂 𝒔𝒆𝒎𝒊 −
𝒊𝒏𝒇𝒊𝒏𝒊𝒕𝒆 𝒃𝒐𝒅𝒚 ( 𝒉𝒂𝒍𝒇 − 𝒃𝒐𝒅𝒚) (Rankine Shape)

𝝍 = 𝑼 𝒓 𝒔𝒊𝒏𝜽 + 𝑲𝜽
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1.5.3 Sink Flow

- A sink is a source with negative strength, 𝑲 = −
𝑸

𝟐𝝅

𝒖𝒓 =
𝟏 𝝏𝝍

=
𝝏∅

𝒓 𝝏 𝜽 𝝏 𝒓
−−−−−−−−−− −(𝒊)

−−−−−−−−−− − 𝒊𝒊𝒖𝜽 = 𝟎

from (𝒊)

𝝍 = −𝑲𝜽

and

∅ = − 𝑲 𝒍𝒏 𝒓

Streamlines (𝝍 = 𝒄𝒐𝒏𝒔𝒕)

Velocity potential lines 

(∅ = 𝒄𝒐𝒏𝒔𝒕)

Sink

𝒓𝒖 = −
𝑸

𝟐𝝅𝒓



1.5.4 Doublet Flow المزدوج

A doublet is a special case of a source and sink pair when the two approach each 

other under the limiting case of:

1. The distance 𝒍 ⟹ 𝟎

2. The product 𝑸 . 𝒍 also called doublet strength 𝝁 , remains constant

= −𝑲𝜹𝜽𝝍 = 𝑲 𝜽 𝟏 − 𝑲 𝜽 𝟐 = 𝑲 𝜽 𝟏 − 𝜽 𝟐

As shown in figure:

𝒂 = 𝒍 . sin𝜽 = 𝜹𝜽 . 𝒓

𝜹𝜽 =
𝒍 . sin𝜽

𝒓

∴ 𝝍 = −
𝑲. 𝒍 . sin𝜽

𝒓

x

y

l

source  

k
sink

-k



Axis of 

the doublet

doublet flow

p
r

𝜽

p

source  

k

sink

-k

𝜹𝜽

r

𝜹𝒓 a

∴ 𝝍 = −
𝑲. 𝒍 . sin𝜽

𝒓

∴ 𝝍 = −
𝑸. 𝒍 . sin𝜽

𝒃𝒖𝒕

𝟐𝝅 . 𝒓

𝑸. 𝒍 = 𝝁

∴ 𝝍 =
−𝝁 sin𝜽

𝟐𝝅 𝒓

𝒂𝒏𝒅

∅ =
𝝁 cos𝜽

𝟐𝝅 𝒓

&𝑟

− 𝐾 ln 𝑟

&𝑟
𝑟

𝛿𝑟 ( 𝛿𝑟 )

−
2 𝑟(  +

3 𝑟)
+ … . .

𝑯𝒊𝒏𝒕:
∅ = 𝐾 ln 𝑟 + 𝛿𝑟

∅ = 𝐾 ln 1 + 𝑟 = 𝐾

∅ ≈ 𝐾
𝛿𝑟

𝑟
𝛿𝑟

∴ ∅ = 𝐾
= 𝐾
𝑟

𝒍 . cos𝜽

𝑟
=
𝑄 . 𝒍 . cos𝜽

𝟐𝝅 𝑟

𝝁 cos𝜽
=

𝟐𝝅 𝒓
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1.6.3 Uniform Flow and a Doublet (Non Lifting flow over a Cylinder)

𝝍 = 𝑼 𝒚 −
𝝁 sin𝜽

𝟐𝝅 𝒓

∅ = 𝑈 𝑥 +
𝝁 cos𝜽

𝟐𝝅 𝒓

𝝍 = −
𝝁 sin𝜽

𝟐𝝅 𝒓

∅ =
𝝁 cos𝜽

𝟐𝝅 𝒓

𝝍 = 𝑼 𝒚

∅ = 𝑈 𝑥

BA

P

R

𝜽

U
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The resulting 𝝍 is:

𝝍 = 𝝍𝒖𝒏𝒊𝒇𝒐𝒓𝒎 𝒇𝒍𝒐𝒘 + 𝝍𝒅𝒐𝒖𝒃𝒍𝒆𝒕

𝝍 = 𝑼 𝒚 −
𝝁

𝟐𝝅 𝒓

sin𝜽
= 𝑼 𝒓 sin𝜽 −

𝝁

𝟐𝝅 𝒓

sin𝜽
= 𝒄𝒐𝒏𝒔𝒕

𝝍 = 𝑼 𝒓 sin𝜽 𝟏−
𝝁

𝟐𝝅𝑼 𝒓𝟐

𝒍𝒆𝒕; 𝑹𝟐 ≡
𝝁

𝟐𝝅𝑼

𝒕𝒉𝒆𝒏; 𝝍 = 𝑼 𝒓 sin𝜽
𝑹𝟐

𝟏 −
𝒓𝟐

𝟏 𝝏𝝍
𝒖𝒓 = 

𝒓 𝝏𝜽
= 𝑼 cos𝜽

𝑹𝟐
𝟏 −

𝒓𝟐

𝝏𝝍
𝒖𝜽 = − 

𝝏𝒓
= − 𝑼 sin𝜽

𝑹𝟐
𝟏 +

𝒓𝟐
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Points A and B are stagnation points and can be located by setting the equations for

𝒖𝒓 and 𝒖𝜽 equal to zero

- Coordinates of 𝑨 𝒓,𝜽 = (𝑹,𝝅)

- Coordinates of 𝑩 𝒓,𝜽 = (𝑹,𝟎)

Substitute the coordinates of A and B in the equation of 𝝍 yields:

𝑹𝟐
𝝍 = 𝑼 𝑹 sin𝜋 𝟏−

𝑹𝟐

𝝍 = 𝟎

∴ the streamline passing through A and B is a dividing streamline.

The streamline could be replaced by a solid surface of the same shape forming a circular 

cylinder with radius:

𝑹 =
𝝁

𝟐𝝅𝑼
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•The pressure distribution on the cylinder surface is obtained as follows: 

Boundary Conditions:

Velocity component normal to the surface = 0

- at r = R

- and

, 𝒖𝒓𝒔 = 𝟎

𝒖𝜽𝒔 = −𝟐 𝑼 sin𝜽

• Bernoulli equation between (o) and (s); assume Zo = Zs

𝒐𝑷 +
𝟏

𝟐
𝟐

𝒔𝝆 𝑼 = 𝑷 +
𝟏

𝟐
𝝆𝒖𝟐𝜽𝒔

𝒔 𝒐 𝟐
⟹ 𝑷 = 𝑷 +

𝟏
𝝆 𝑼𝟐 𝟏 − 𝟒 sin𝟐 𝜽 … … … … (∗)

• The surface pressure as obtained by equ (*) is the theoretical (non-viscous) pressure 

distribution.

s

o

U
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• The figure shows a comparison of theoretical with experimental distribution.

∴ Fx = 0 (drag force)

and Fy = 0 (lift force)

𝑷𝒔

𝟐
𝟏 𝝆𝑼𝟐

− 𝑷𝒐 = 𝟏 − 𝟒 sin𝟐 𝜽 = 𝑪𝒑

Cp =pressure coefficient

Theoretical

x

• The pressure distribution is symmetrical around the cylinder and the resultant force
y

developed on the cylinder = zero

Fx

Fy
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1.6.2 Uniform Flow and Source – Sink pair

U

x

2b

𝑻𝒉𝒆 𝒔𝒕𝒓𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒐𝒖𝒓𝒄𝒆 𝒂𝒏𝒅 𝒔𝒊𝒏𝒌 𝒂𝒓𝒆 𝑲 𝒂𝒏𝒅 − 𝑲 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒂𝒍 𝒂𝒏𝒅 𝒐𝒑𝒑𝒐𝒔𝒊𝒕𝒆 .

The resulting 𝝍 𝒊𝒔:

𝝍 = 𝝍𝒖𝒏𝒊𝒇𝒐𝒓𝒎 𝒇𝒍𝒐𝒘 + 𝝍𝒔𝒐𝒖𝒓𝒄𝒆 + 𝝍𝒔𝒊𝒏𝒌

𝝍 = 𝑼 𝒚 + 𝑲 𝜽𝟏 − 𝑲 𝜽𝟐 = 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕

P (x, y)

r1

r2



𝒐𝒓

𝝍 = 𝑼 𝒚 + 𝑲 tan–𝟏
𝒚

𝒙+ 𝒃
− 𝑲 tan– 𝟏

𝒚

𝒙− 𝒃

𝒖 =
𝝏𝝍

𝝏𝒚

𝒖 = 𝑼 + 𝑲
𝟏

𝒙 + 𝒃 𝟏+
𝒚

𝒙+ 𝒃

𝟐
−𝑲

𝟏

𝒙 − 𝒃 𝟏+
𝒚

𝒙− 𝒃

𝟐

𝑷𝒐𝒊𝒏𝒕𝒔 𝑨 𝒂𝒏𝒅 𝑩 𝒂𝒓𝒆 𝒔𝒕𝒂𝒈𝒏𝒂𝒕𝒊𝒐𝒏 𝒑𝒐𝒊𝒏𝒕𝒔 𝒂𝒏𝒅 𝒄𝒂𝒏 𝒃𝒆 𝒍𝒐𝒄𝒂𝒕𝒆𝒅 𝒃𝒚 𝒔𝒆𝒕𝒕𝒊𝒏𝒈 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒇𝒐𝒓

𝒖 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐 𝒛𝒆𝒓𝒐,𝒘𝒊𝒕𝒉 𝒚 = 𝟎,𝒙 = 𝑶𝑩 𝒐𝒓 𝑶𝑨

𝟎 = 𝑼 + 𝑲
𝟏 𝟏

𝒙 + 𝒃 𝒙− 𝒃
− = 𝑼 + 𝑲

−𝟐𝒃

𝒙𝟐 − 𝒃𝟐
⟹ 𝒙 = 𝑶𝑩 = 𝑶𝑨 = ± 𝒃𝟐 +

𝟐𝑲𝒃

𝑼

𝒂𝒕 𝒕𝒉𝒆 𝒔𝒕𝒂𝒈𝒏𝒂𝒕𝒊𝒐𝒏 𝒑𝒐𝒊𝒏𝒕 𝑨; 𝜽 = 𝝅,𝒚 = 𝟎

𝒂𝒕 𝒕𝒉𝒆 𝒔𝒕𝒂𝒈𝒏𝒂𝒕𝒊𝒐𝒏 𝒑𝒐𝒊𝒏𝒕 𝑩; 𝜽 = 𝟎,𝒚 = 𝟎

P

y

x

r2

r1

𝜽𝟏 𝜽𝟐

bb
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Summary
𝑻𝒚𝒑𝒆 𝒐𝒇 𝒇𝒍𝒐𝒘 𝝍 ∅

𝑼𝒏𝒊𝒇𝒐𝒓𝒎𝒇𝒍𝒐𝒘 𝒊𝒏 𝒙 − 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏
𝑼𝒏𝒊𝒇𝒐𝒓𝒎𝒇𝒍𝒐𝒘 𝒊𝒏 𝒚 − 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒖𝒏𝒊𝒇𝒐𝒓𝒎𝒇𝒍𝒐𝒘

𝝍 = 𝒖 𝒚
𝝍 = −𝒗 𝒙

𝝍 = 𝒖 𝒚 − 𝒗 𝒙

∅ = 𝒖 𝒙
∅ = 𝒗 𝒚

∅ = 𝒖 𝒙 + 𝒗 𝒚

𝑺𝒐𝒖𝒓𝒄𝒆 𝝍 = 𝑲𝜽 ∅ = 𝑲 𝒍𝒏 𝒓

𝑺𝒊𝒏𝒌 𝝍 = −𝑲𝜽 ∅ = −𝑲 𝒍𝒏 𝒓

𝑫𝒐𝒖𝒃𝒍𝒆𝒕
𝝍 =

−𝝁 sin𝜽

𝟐𝝅 𝒓
∅ =

𝝁 cos𝜽

𝟐𝝅 𝒓

𝑭𝒓𝒆𝒆 𝒗𝒐𝒓𝒕𝒆𝒙 𝝍 = 
− 𝚪

ln 𝒓
𝟐𝝅

∅ =
𝚪

𝜽
𝟐𝝅
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